In particle physics model building discrete symmetries are often invoked to forbid unwanted or dangerous couplings. A classical example is the R-parity of the MSSM, which guarantees the absence of dimension four baryon-and lepton-number violating operators.
Introduction
Discrete symmetries are often invoked in particle physics model building in order to forbid unwanted terms in the Lagrangian. They have been used for example in order to guarantee the absence of flavour changing neutral currents (FCNC) in two-Higgs models or in flavour models of fermion masses. In the context of the Minimal Supersymmetric Standard Model (MSSM), discrete symmetries seem unavoidable in order to explain the observed baryon stability. Indeed, a crucial difference between the non-SUSY SM and the MSSM is that in the latter the most general dimension four effective Lagrangian respects neither baryon-nor lepton-number conservation. The most general superpotential consistent with gauge invariance and leading to dimension four operators has the structure
where we use a standard notation for quark, lepton and Higgs superfields. The first line contains the usual Yukawa couplings and the µ-term, and respects baryon and lepton number; the UDD terms in the second line violate baryon-number in one unit, whereas the rest violate lepton-number also in one unit. If all the terms in the second line were present and unsuppressed, the proton would decay with a lifetime of a few minutes.
The simplest solution to avoid this problem is to assume some discrete symmetry, like e.g. R-parity or baryon triality B 3 , forbidding all or some of the couplings in the second line.
Although indeed such discrete symmetries do their phenomenological job, their fundamental origin is obscure. There are diverse arguments strongly suggesting that global symmetries, either continuous or discrete, are expected to be broken by quantum gravitational effects, and hence cannot exist in any consistent quantum theory including gravity (see [1, 2, 3] for early viewpoints, and e.g. [4, 5] and references therein, for more recent discussions). This suggests that discrete symmetries should have a gauge nature so that they are respected by such corrections [6, 7, 8] . In particular Z N gauge symmetries may appear as discrete remnants of continuous U(1) gauge symmetries when the latter are spontaneously broken by scalars with charge N, with other fields in the spectrum having charges not multiple of N. Similarly to continuous gauge symmetries, discrete gauge symmetries should respect certain anomaly cancellation conditions, which strongly restrict the possibilities in specific theories [9] .
In the case of the MSSM one can classify [10] the discrete gauge symmetries in terms of three discrete generators R N , A N , L N (see table 1 ). Discrete anomaly cancellation further constrains the possibilities, and the simplest anomaly free discrete gauge symmetries are R 2 (which may be identified with the standard R-parity), B 3 = R 3 L 3 (which is known as baryon triality), L 3 and R 3 L 2 3 [10] (see also [11, 12, 13, 14, 15, 16, 17, 18, 19] and references therein). Each different symmetry forbids different combinations of operators in the second line of (1.1). In the case of R-parity, the discrete gauge symmetry may be obtained as a Z 2 subgroup of a U(1) B−L gauge factor [20] , typical of left-right symmetric extensions of the (MS)SM including right-handed neutrinos. In the other cases the corresponding continuous U(1) symmetries are less attractive and include the introduction of new exotic charged particles; the discrete versions are however perfectly consistent with the minimal MSSM content.
If string theory is to describe the observed physics, a natural question is whether discrete gauge symmetries arise in string compactifications. Unlike in field theory, in string theory constructions we are not free to impose any symmetry, rather one should determine whether they are present or not in each given model. In the context of e.g. heterotic orbifold or free fermion semi-realistic constructions there are typically a number of U(1) gauge symmetries beyond hypercharge, one of which may be identified with U(1) B−L . In principle one may obtain R-parity or other discrete gauge symmetry by taking D-and F-flat directions in the scalar potential in which an appropriate scalar with charge N (charge 2 in the case of R-parity) gets a vev (see e.g. ref. [21] for an attempt in this direction). However this mechanism is very much dependent on the existence and dynamical preference for a particular choice of flat direction. The assessment of the existence of the symmetry thus requires a delicate analysis of this point. We would rather like to know whether there is a mechanism within string theory by which interesting discrete gauge symmetries survive in a natural way, without tuning scalar vevs to that purpose.
In this paper we show that physically interesting discrete gauge symmetries are generic in large classes of string compactifications. In particular type II orientifold constructions contain U(1) α symmetries on the worldvolume of D-branes, which are generically broken to Z N discrete gauge symmetries by the presence of N B ∧ F α couplings, with B being Ramond-Ramond (RR) 2-form fields. This is a stringy implementation of the mechanism in [5] 1 (see also [23] ). Such couplings are pervasive in explicit D-brane models: for anomalous U(1)'s they are required for the Green-Schwarz anomaly cancellation mechanism, and they also play an important role in removing additional U(1)'s (either anomalous or not) beyond hypercharge from the massless spectrum. The U (1) symmetries remain exact in perturbation theory, but are violated by D-brane instanton effects, which may be (and are in fact often claimed to be) important in certain mod els. The point of this paper is the analysis of the exact discrete gauge remnants of these symmetries. We show how the resulting discrete gauge symmetries are free of mixed gauge and gravitational anomalies. We also present type IIA intersecting D6-brane examples with spectrum close to the (MS)SM, and show that the required couplings indeed appear and discrete gauge symmetries survive. Interestingly, these discrete gauge symmetries precisely correspond to the anomaly free Z 2 , Z 3 symmetries described in the early 90's [10] (see also [15] ) or combinations thereof. In particular, R-parity and baryon triality often appear as discrete gauge symmetries of the effective actions. We also discuss how in unified SU(5) orientifold or F-theory models R-parity and the corresponding R N generalizations may appear.
The outline of this paper is as follows. In section 2 we describe the origin of discrete gauge symmetries from B ∧ F couplings in type IIA orientifolds with intersecting D6-branes. We show that D-brane instantons preserve the discrete gauge symmetries, which are also shown to be automatically anomaly free. In section 3 we focus on D-brane (MS)SM brane constructions. In section 3.1 we review the classification of anomaly free discrete gauge symmetries in the MSSM as formulated in [10] ; in section 3.2 we describe their embedding in general D-brane models realizing the (MS)SM spectrum, and display explicit toroidal orientifold models in which these discrete gauge symmetries appear naturally. Only a few such symmetries, including R-parity and baryon triality, actually appear, in agreement with [10] . We also discuss, in section 3.3, that in the case of D-brane models with a SU(5) symmetry, the possibilities of discrete gauge symmetries are much more restricted. The appearance of discrete gauge symmetries in local SU(5) F-theory models, and in particular the realization of generalized R-parities, is addressed in section 4. In section 5 we comment on Z 2 discrete gauge symmetries associated to the discrete K-theory charge cancellation conditions, and suggest the intriguing possibility of identifying it with R-parity in explicit constructions. We present some further comments and conclusions in chapter 6.
We include two appendices. In the first we briefly discuss some technical aspects of 1 For a formal description in terms of stacks, see [22] .
toroidal orientifolds with tilted tori. Finally, in appendix B we comment on the appearance of certain Z 2 discrete gauge symmetries (including R-parity in concrete examples) associated to sectors of D-brane instantons with Sp-type orientifold projection.
Discrete gauge symmetries and D-branes
In this section we describe the appearance of discrete gauge symmetries in D-brane models from the analysis of their BF couplings. For concreteness we center on type IIA compactifications with D6-branes wrapped on intersecting 3-cycles (see [24, 25] for reviews, and [26, 27, 28] for some of the original references); the results apply similarly to other constructions, like type IIB models with magnetized D-branes, D-branes at singularities, etc, (see [25] for reviews) as expected from mirror symmetry. Also, they
should admit a lift to M-theory on G 2 manifolds, along the lines of [23] .
Discrete gauge symmetries from BF couplings
We focus on orientifolds of type IIA on a CY X 6 , with an orientifold action ΩR(−1)
Here R is an antiholomorphic involution of X 6 , acting as z i → z i on local complex coordinates, so it introduces O6-planes. The compactification also contains stacks of N A D6 A -branes wrapped on 3-cycles Π A (along with their orientifold images on Π A ′ ).
We need not impose the supersymmetry conditions at this level, since the analysis is essentially topological, and holds even in non-supersymmetric models.
We introduce a basis of 3-cycles {α k }, {β k }, even and odd under the geometric action R, with k = 1, . . . , h 2,1 + 1. We assume for simplicity that α k · β l = δ kl . An alternative class of orientifold actions, satisfying instead α k · β l = 2δ kl for some values of k, leads to very similar physical results, but requires a careful tracking of factors of 2; we relegate it to appendix A. We expand the wrapped cycles in this basis as
The RR tadpole cancellation conditions are
where [Π O6 ] denotes the total homology class of the O6-planes (with the −4 from their RR charge, assumed to be negative). In addition to the above constraint, there are certain discrete K-theory charge cancellation conditions [29] , which actually play an interesting role, discussed in Section 5.
The chiral part of the spectrum is
where
] are the relevant intersection numbers giving the multiplicities.
Since the RR 5-and 3-form are intrinsically odd and even under the orientifold, the KK reduction leads to the following basis of RR 2-forms and their dual RR scalars
The KK reduction of the D6-brane Chern-Simons action leads to the following BF couplings
where the factor of 1/2 is due to the orientifold action, and the relative minus sign of the orientifold image contributions arises because F A ′ = −F A . Also, the factor of N A arises from the U(1) A trace normalization.
In general, the factor of N A implies the appearance of a Z N A discrete gauge symmetry. This corresponds to the general fact that the actual gauge group on a stack of N D-branes is [SU(N) × U(1)]/Z N , with the Z N corresponding to the center of SU(N),
i.e. the N-ality. Namely, the group element diag (α, . . . , α) with α = e 2πi/N can be regarded as belonging to SU(N) or to the diagonal U(1); the quotient by Z N implies that the two possibilities should be regarded as completely equivalent. The charges of fields under this Z N are given by their N-ality, and so this Z N does not imply any selection rule beyond SU(N) gauge invariance; hence, it is not very interesting by itself.
The structure of the above coupling shows that an additional Z n symmetry appears when the coefficients s k A are multiples of n, for all k; more precisely, when n = gcd(s k A ). In general, we may be interested in discrete subgroups of U(1) linear combinations of the form
In order to properly identify the discrete gauge symmetry from the BF coupling, we fix the normalization such that c A ∈ Z, and gcd(c A ) = 1. The BF couplings read
where F is the field strength associated to the Q generator. So there is a Z n gauge symmetry if the quantities ( A c A N A s k A ) are multiples of n, for all k. In our normalization, fields in the fundamental of SU(N A ) have U(1) A charges q A = 1, while fields in the two-index symmetric or antisymmetric tensor representation have q A = 2 (and the opposite charges for the conjugate representations). For a field with charges q A under the U(1) A , its charge under the Z n symmetry is A c A q A mod n.
For future convenience, we describe the action of the symmetry on the RR scalars dual to the 2-forms B k . Under a U(1) gauge transformation, the scalars a k shift as
We conclude by rewriting the condition for a Z n symmetry as It is important to emphasize that the U(1) A symmetries behave as exact global symmetries at the perturbative level. However, they are violated by non-perturbative effects, in particular D-brane instantons [30, 31, 32] (see [33, 34, 25] for reviews). The existence of a gauged discrete subgroup implies that it will be preserved by any such non-perturbative effect, as we describe more explicitly in section 2.2. One may think that for practical purposes, instanton effects may be negligible, and discrete gauge symmetries are irrelevant, since they are just part of the perturbatively exact global symmetries. However, in many SM-like D-brane models, instanton effects are often invoked to generate phenomenologically interesting (but perturbatively forbidden) couplings, see e.g. [35, 36, 37, 38] , and so must be non-negligible. Hence it is relevant to ensure that other instantons do not induce dangerous couplings. Discrete gauge symmetries are an efficient way to guarantee this property.
D-brane instanton effects
Type IIA compactifications have non-perturbative effects from D2-brane instantons on 3-cycles. Let us denote Π inst the 3-cycle wrapped by the instanton (and possibly its orientifold image, if it wraps a 3-cycle not invariant under R). Such Π inst can be expanded in terms of the 3-cycles {α k } as
In supersymmetric models, there are certain conditions for such instantons to contribute to the superpotential; instantons not satisfying them contribute to other higherdimensional operators, and are often neglected. However, here we are interested in
showing that all instantons respect the discrete gauge symmetries, hence we must not restrict to superpotential generating instantons, and not even to BPS instantons.
Hence we must consider instantons in the most general possible class.
The non-perturbative contribution of the instanton to the 4d effective action contains a piece
Hence, under a U(1) gauge transformation (2.8), the instanton exponential rotates by a phase
As described in [30, 31, 32] , this phase rotation is cancelled by the insertion, in the complete instanton amplitude, of 4d fields charged under the U(1) symmetry. This effectively leads to operators whose appearance was forbidden in perturbation theory. Now in the presence of a discrete Z n gauge symmetry, namely when the quantities
are multiples of n for all k, the instanton exponential shift is a multiple of n, so the non-perturbative effects preserve the discrete Z n subgroup. Conversely, the set of charged operators required to cancel the phase rotation of e −S cl. have U(1)
charges adding up to a multiple of n.
It is interesting to provide an alternative microscopic view of the argument. The phase shift (2.13) of the instanton exponent may be written as
where in the first equality we have used
, and in the second we have defined [
The Z n discrete gauge symmetry implies that the intersection number of any instanton with the homology class associated to the U(1) is multiple of n, as follows directly from (2.9). This intersection number determines the number of instanton fermion zero modes charged under U(1), and therefore the amount of U(1) charge violation.
Let us finally remark on a complementary mechanism, already mentioned in [39] , to ensure that instantons preserve discrete (presumably gauge) Z 2 symmetries. In models where all instantons mapped to themselves under the orientifold action experience an Sp type orientifold projection (i.e. γ We also explain that these are discrete gauge symmetries, which can be made manifest in terms of the corresponding BF couplings.
Discrete anomaly cancellation
The fact that all D-brane instantons (including gauge instantons) preserve these Z n symmetries suggests that they are anomaly-free (even if the corresponding U(1)'s are anomalous). It is worthwhile to verify this directly, using the conditions in [9] .
Recall that states with charge q A under U(1) A have charge A c A q A under the linear combination Q, and hence the same charge (mod n) under its Z n subgroup.
where the factor of 1 2 arises from the SU(N B ) quadratic Casimir in the fundamental.
Using (2.9), the above expression is of the form 1 2 n times an integer, as required by anomaly cancellation.
For the mixed Z n -gravitational anomaly, we have
where in the last line, the sum in B ′ includes A ′ , and in the last equality we use the 
Toroidal orientifolds
In this section we particularize the above general analysis to the case of toroidal orientifolds. This is also valid for orbifolds thereof, as long as the relevant D6-branes do not wrap twisted cycles; this will be the case in the Z 2 × Z 2 orbifolds in the examples in the next section.
Consider a T 6 , taken factorizable for simplicity, with each (T 2 ) i parametrized by 
The coefficients s k A are thus
where (n i , m i ) denote the wrapping numbers on the i-th torus with coordinates (x i , y i ).
Discrete gauge symmetries and SM brane constructions
We now turn to the study of discrete gauge symmetries in brane constructions of phenomenological interest. We first review the classification of discrete gauge symmetries of the MSSM in [10] , and later study its implementation in various proposed D-brane realizations of MSSM-like models. 
Discrete gauge symmetries in the MSSM
a Z N gauge symmetry generator may be written as
This is the most general Z N symmetry allowing for the presence of all standard Yukawas Note that one can obtain further but equivalent discrete symmetries by multiplying by some power of a discrete subgroup of the hypercharge generator e i 2π(6Y )/N , where we use 6Y to make hypercharges integer. As discussed in [9, 10] , the mixed (2) 2 and mixed gravitational anomaly constraints yield
where N g , N D are the number of generations and Higgs sets respectively and η = 0, 1
As discussed in the introduction, only discrete gauge symmetries are expected to exist in consistent theories including gravity. Therefore, it is a relevant question to assess the conditions for the above symmetries to be discrete gauge symmetries. A necessary condition is anomaly cancellation. The R 2 symmetry corresponds to the usual R-parity and it is anomaly free (in fact all R N are anomaly free for any N in the presence of right-handed neutrinos). In addition, for the N g = 3 physical case, there are three anomaly free
, as the reader may easily check using (3.5). The symmetry B 3 = R 3 L 3 was introduced in [10] and is usually called baryon triality; it allows for dimension 4 operators violating lepton number, but not violating baryon number, so the proton is sufficiently stable. There are also additional Z 9 and Z 18 anomaly free discrete symmetries [15] which involve the A N generators.
However, imposing also the purely Abelian cubic condition of [9] and absence of massive fractionally charged states singles out R-parity R 2 and baryon triality B 3 .
The phenomenologically interesting couplings allowed or forbidden by these discrete symmetries are displayed in table 2. The Z 6 obtained by multiplying R 2 and B 3 is usually called hexality [15] and forbids all dangerous couplings but allows for a µ-term 
Discrete gauge symmetries in SM-like brane models
We turn now to the appearance of discrete gauge symmetries in explicit SM-like brane models. As in section 2, in our examples we will concentrate in toroidal type IIA orientifolds (or orbifolds thereof) with intersecting D6-branes, although from the context it transpires that much of the analysis holds in more general orientifolds; for instance, in the large class of Gepner MSSM-like orientifold models constructed in [40, 41, 42] . Similar results also hold in other MSSM-like constructions as well, like type IIB orientifolds with magnetized D-branes, related to IIA models by mirror symmetry (T-duality in the toroidal setup), or in heterotic compactifications with U(1) bundles [45, 46] . Similar analysis can in principle be carried out in other setups, like D3/D7-branes at singularities, although the presence of extra multiplets beyond the MSSM ones in these models makes the analysis more model-dependent.
Much of the analysis of U(1) symmetries of (MS)SM-like orientifolds can be characterized in terms of 'protomodels', i.e. the gauge groups on the relevant sets of D6-branes, and the intersection numbers pattern required to reproduce the chiral matter content. These structures can subsequently be implemented in different compactifications, based on geometric spaces (toroidal or not), or non-geometric CFT setups.
Results based on the protomodel structure are largely independent on their specific realization. We first consider the implementation of MSSM discrete gauge symmetries in the different MSSM-like brane protomodels, and later turn to their realization in concrete examples, for simplicity based on toroidal orientifolds. Some of these realizations are actually non-supersymmetric, but provide a good testing ground of the implementation of diverse discrete gauge symmetries.
There are two large classes of SM-like orientifolds (toroidal or not), depending on whether the electroweak SU(2) L group is realized from a Sp(2) group or from a U(2).
We analyze both cases in turn.
The Sp(2) class
In this class of models there are four stacks of D-branes, denoted a (baryonic), b (left),
b is taken coincident with its orientifold image, so that the initial gauge group is
The chiral fermion content reproduces the SM quarks and leptons if the D6-brane intersection numbers are given by
with the remaining intersections vanishing. As usual, negative intersection numbers denote positive multiplicities of the conjugate representation. The spectrum of chiral fermions is shown in table 3, and corresponds to three SM quark-lepton generations. In addition there are three right-handed neutrinos N R , whose presence is generic in this kind of constructions. At the intersections there are also complex scalars with the same charges as the chiral fermions [47] ; in supersymmetric realizations, some of these scalars are massless and complete the matter chiral multiplets, while in non-supersymmetric realizations they are generically massive (their possible tachyonic character can be avoided by a judicious choice of the complex structure moduli in concrete examples, see [47] for the toroidal case).
One linear combination of the three U(1)'s, i.e.
corresponds to the hypercharge generator; it is anomaly free, and should be required to be massless, namely its BF couplings should vanish. In the language of section 2,
we have
where we have accounted for a factor of N a = 3 in the s Green-Schwarz mechanism) and becomes massive as usual. The remaining orthogonal linear combination Y ′ is anomaly free and will become massive or not depending on the structure of the couplings of the U(1)'s to the RR 2-forms in the given model. Note that one can identify the generators of the previous section as R = −Q c , L = Q d and Q a = 3B, with B the baryon number. There is no analogue of the A generator in this class of models due to the absence of a U(1) b associated to the electroweak group.
Depending on the structure of the B ∧ F couplings in the model, it is possible to realize the following discrete symmetries:
• R N symmetries
Since R = −Q c , a R N symmetry will appear if s k c ∈ NZ for all k in the model. In particular standard R-parity will appear if s k c ∈ 2Z for all k.
• L N symmetries Again, since L = Q d in the brane notation, a L N symmetry will appear if s k d ∈ NZ for all k in the model.
• Baryon triality
One can study the realization of combinations like B 3 = R 3 L 3 . Using the above results, this requires the condition s k c + s k d ∈ 3Z, for all k. Now from (3.8) this is equivalent to the condition s k a ∈ 3Z for all k. An equivalent derivation is that B 3 can be related to baryon number B by
In any SM-like D-brane model, baryon number is realized as U(1) a , and hence B 3 arises from its Z 9 subgroup. Due to the additional multiplicity of N a = 3, this only requires s k a ∈ 3Z for all k in the model.
• Other combinations may be studied analogously.
Let us now illustrate this in specific examples. Consider the class of non-SUSY SMlike models constructed in [31] , based on a toroidal orientifold of the kind described in section 2.4. Consider a set of SM branes with wrapping numbers as shown in table
The brane b is mapped to itself under the orientifold action, so that the corresponding gauge group is Sp(2), identified with SU(2) L . It is easy to check that indeed these wrapping numbers give rise to the chiral spectrum of a SM with N g quark/lepton generations, as in table 3. The hypercharge remains massless as long as
The other two linear combinations are generically massive. RR tadpoles cancel in this model if
In addition one should add (3n
d − 16) D6-branes (or antibranes, depending on the sign) along the orientifold plane. They have no intersection with the rest of the branes and do not modify the discussion in any way.
In this model, the non-vanishing BF couplings from (2.18) are
where we have denoted B p 2 , p = 0, 1, 2, 3 the RR 2-forms. It is easy to see that this structure naturally contains some of the discrete gauge symmetries discussed above: i) Baryon triality is quite generic. Indeed, the Z 9 required for matter parity appears automatically for the physical case N g = 3 as long as n 
it is realized as a discrete gauge symmetry whenever n
. This is still compatible with (3.10); for instance n
Note that some of these symmetries may be realized simultaneously, thereby generating a larger discrete gauge symmetry group. For instance, hexality, being a product of R 2 and B 3 will appear for n The above class of examples is non-SUSY, still there are scalars at the intersection (not all massless) which play the role of squarks, sleptons and Higgs scalars, so that it makes sense the study of the couplings forbidden or allowed by discrete Z N symmetries.
Also, as already emphasized, it is a useful illustration of patterns which may arise in SUSY realizations in other setups richer than toroidal orientifolds.
On the other hand, there are also supersymmetric toroidal orbifold models with electroweak symmetry realized as SU(2) L = Sp(2), and reproducing an MSSM-like matter content. Consider the MSSM-like models in [48] , realized in an orientifold of T 6 /(Z 2 × Z 2 ) as in [49] . The wrapping numbers (n 
extension of the MSSM with N g quark-lepton generations. The Z 2 × Z 2 orbifold truncates the gauge group on 2N A D6 A -branes to 
It is easy to check, using (2.18) , that the BF couplings are also remains as a discrete symmetry.
The U(2) class
In this type of models the electroweak gauge group SU(2) L is contained in a U(2) b factor. We have again an analogous structure with branes a, b, c, d and a gauge group
The main difference with respect to the earlier Sp (2) class is that now there is an extra U(1) b gauge boson; this continuous symmetry is anomalous, but could in principle lead to new anomaly-free discrete Z N symmetries.
Also, the assignments of the Q b charge are not family independent. This follows from the structure of intersection numbers required to reproduce the (MS)SM matter content, I ab = 1 , I ab * = 2 ; I ac = −3 , I ac * = −3
where two options for the intersection numbers related to leptons are considered corresponding to the examples below. The matter content and U(1) charges for the first option are shown in table 7, while those for the second are shown in table 9. This classes of models have no generalization to arbitrary numbers of generations N g , since the latter is related to the number of colors by anomaly cancellation [47] .
The identification of discrete symmetries R, L is similar to section 3.2.1. The symmetry R N is associated to the generator −Q c , while L N is associated to the generator Intersection Matter fields 
Note that thisÃ generator does not appear in the class of Sp(2) models we considered before.
A clarification is in order here. The above linear combination has non-integer coefficients, contrary to our normalization (2.6). Actually this follows because any In order to study the appearance of diverse discrete gauge symmetries, we turn to concrete explicit realizations of the above protomodels, in the toroidal setup for simplicity. A large number of three generation toroidal non-SUSY SM-like models with intersection numbers realizing the first option in (3.14) were constructed in [47] .
The wrapping numbers of the SM D6-branes in this family of models are given in table
8. The models are parametrized by a phase ǫ = ±1, four integers n table 7 . Table 8 : D6-brane wrapping numbers giving rise to a SM spectrum through the first choice of intersection numbers in (3.14), as in [47] .
Since there are tilted tori, the computation of the conditions for discrete gauge symmetries requires the results from appendix A (note that in table 8 the labels m i A for tilted tori actually denote the corresponding tilded quantities of appendix A). These models have in principle up to four U(1) gauge fields, but generically three of them acquire Stückelberg masses due to the B ∧ F couplings. The hypercharge generation is given by the same linear combination (3.7), and its masslessness requires the condition
Two of the three remaining U(1)'s are anomalous and massive, and the third one is anomaly free and generically massive, although it may become massless for some choices of wrapping numbers. The relevant B ∧ F couplings are
2 (3.17)
where we have taken β 1 = β 2 = ǫ = 1 to simplify the expressions, since no new interesting possibilities appear by relaxing those conditions. Note that the factor 1/2 multiplying B 3 2 arises because of the tilting of the third torus; on the other hand, this tilting simultaneously leads to a factor of 2 in the actual shift of the RR scalar dual a 3 , as compared with the coefficient of the F A B 3 2 coupling. The set of discrete gauge symmetries in this case is quite analogous to the previous Sp(2), although now the symmetries cannot be generalized beyond N g = 3:
i) Baryon triality is obtained for ρ = 1/3 if in addition n 2 a is multiple of 3. ii) R N discrete symmetries with N even are naturally generated with N = 2n 1 c . In particular, R-parity is automatically implemented in all models in this class.
iii) The L 3 discrete symmetry appears whenever ρ = 1/3 and n 2 d is a multiple of three.
iv) Note that the combination U(1)Ã in (3.15), including the factor 1/2, has coupling FÃ ∧ (−B 1 2 + . . .). This means that there is no discrete gaugeÃ N symmetry that can be realized. This is in fact expected, since such symmetries are anomalous for N < 9, as already mentioned. Still, it might be possible that such symmetries participate in some anomaly free combination, although we have not found any in a preliminary search.
Note that there is a seemingly new Z 2 symmetry coming from U(1) b . However, it is just the center of the SU(2) L group, and as already discussed in section 2.1, does not lead to any useful new discrete gauge symmetry.
Again hexality arises if n 1 c = 1, ρ = 1/3 and n 2 a is multiple of three. These conditions are still consistent with (3.16).
There are also fully supersymmetric models with SU(2) L as a subgroup of a U(2) realizing the second option for the intersection numbers in (3.14). Consider the MSSMlike models in [50] , realized in an orientifold of T 6 /(Z 2 × Z 2 ) in [51, 38] . The wrapping numbers are shown in table 10 and the massless spectrum and U(1) charges in table 9.
It is easy to find additional branes so that all RR-tadpoles cancel [51] . Note that the Z 2 × Z 2 orbifold truncates the gauge group on 2N A D6 A -branes to U(N A )
Intersection Matter fields Table 9 : Chiral spectrum of the SUSY SM's of the U (2) class, arising from the second choice of intersection numbers in (3.14) . 2 ) (3.18)
Again, the third T 2 is tilted, so the coefficient of the F A B 3 2 coupling receives an additional factor of 2 upon dualization to a shift of the dual RR scalar; this effectively removes the factors 1/2 accompanying B 3 2 . Note that again in this example baryon triality B 3 is automatic and so is L 3 .
Also, no new non-trivial discrete symmetries arise from the presence of a U(1) b gauge symmetry.
In summary, discrete gauge symmetries are endemic in SM-and MSSM-like brane constructions. R-parity (and R N extensions), baryon triality B 3 and lepton triality L 3 appear generically in large classes of models. In the MSSM-like examples considered, baryon triality and lepton triality appear automatically and R-parity is extended to a full continuous U(1) B−L group. It is remarkable that all anomaly free Z 2 , Z 3 discrete symmetries of the MSSM classified in [10] appear in brane models. No larger anomaly free Z 9 , Z 18 discrete symmetries [15] are generated. That might be due to the fact that those symmetries involve the A N generators which do not occur in the models examined.
Discrete gauge symmetries and SU (5) unification
It is interesting to explore whether discrete gauge symmetries also appear in models with a unified gauge symmetry like SU(5). It is possible to construct type II orientifolds with a SU(5) gauge group and appropriate matter and SM Higgs multiples. However, in these models the Yukawa couplings 10×10×5 H can only appear at the non-perturbative level, since they violate the U(1) ⊂ U(5) symmetry, which is perturbatively exact. Such couplings are on the other hand easy to obtain in the context of F-theory GUT's, see section 4. In the framework of type II orientifolds, they can be generated by D-brane instanton effects, see [35, 38] for further discussion. The fact that certain instantons must play an important role in this class of models gives an added interest to the question of whether certain phenomenologically undesirable operators are protected against analogous non-perturbative effects; discrete gauge symmetries are the perfect tool to enforce such property.
For instance, a potential problem of generic SU(5) unification models is the presence of dimension 4 couplings 10 ·5 ·5, which contain UDD, DQL and LLE couplings, giving rise to fast proton decay. Other potentially dangerous dimension 5 couplings are 10 · 10 · 10 ·5 which contain the operators QQQL and UUDE which may also give rise to too fast proton decay. We would like to see whether discrete symmetries forbidding these couplings are generated in brane models.
A large set of Gepner model SU(5) orientifolds models was studied in [42, 43, 44] .
We will restrict, however, to a study of the U(1) symmetries in the simplest intersecting D-brane setting which may contain SU(5) unification as described in e.g. [35] . Consider a stack 1 of five D6-branes with gauge group U(5) 1 intersecting a single D6-brane 2 with gauge group U(1) 2 . The minimal structure of D6-brane intersections required to get a SU(5) GUT is as in table 11. The subindices show the U(1) 1 × U(1) 2 charges, (5) model. However it is easy to obtain R-parity or some Z N generalization, as discrete subgroups of the generator
This is the familiar U(1) in the branching SO(10) → SU(5) × U(1), under which the 16 and the 10 decompose as
∈ NZ, then the BF couplings imply that a Z N subgroup of U(1) X survives as a discrete gauge symmetry. This suffices to forbid the L-and B-violating couplings in 10 ·5 ·5. For N = 2 one recovers the usual R-parity, since Q X is mod 2 equal to B − L (up to hypercharge shift), whereas for e.g. N = 4 one recovers a Z 4 symmetry first suggested by Krauss and Wilczek [7] . These generalizations of R-parity have however the shortcoming of forbidding neutrino Majorana masses.
In principle there could also be discrete symmetries coming from the orthogonal U(1) symmetry 
Discrete gauge symmetries in local F-theory GUTs
F-theory can be regarded as a non-perturbative generalization of type IIB compactifications with D7-branes. In the same spirit, local F-theory GUTs can be regarded as a non-perturbative generalization of type IIB models with GUT theories localized on stacks of D7-branes. However, a key difference in both situation is the status of U(1) symmetries (and so, for instance, the presence or not of certain couplings, like the up-type Yukawa in SU(5) theories). Since U(1) symmetries are so intimately linked with discrete gauge symmetries, it is worthwhile to explore the extension to the realm of F-theory of our earlier description of discrete gauge symmetries in D-brane models.
This would place important restrictions on the very active topic of brane instanton effects in F-theory (see e.g. [52, 53] ) .
The physics of U(1) gauge theories in F-theory is in general poorly understood in compact examples. We therefore focus on local F-theory GUT models, which have been extensively studied (see e.g. [54, 55, 56, 57] , and also [58, 59 ] for reviews). The starting point is provided by F-theory 7-branes wrapped on a local 4-cycle S in the base of the elliptically fibered CY fourfold, leading to an SU(5) GUT theory (with no overall U (1) factor). There are other 7-branes on other 4-cycles S A (which are non-compact in the local description) which intersect S along complex curves Σ a (matter curves). These intersections support charged matter, in representations of the gauge factors of both 7-branes dictated by the enhanced symmetry at the intersection locus. In particular, local enhancements to SU(6) lead to fields in the 5,5, and local enhancements to SO(10) lead to fields in the 10, 10. In addition, local rank-2 enhancements at points of S, due to intersections of several matter curves, correspond to Yukawa couplings among the fields supported on the latter. In this local picture, the U(1) A 's supported by the non-compact 7-branes on S A are global symmetries, which may or may not survive in a full fledged compactification, due to global geometrical effects. Even if they survive these effects, and seemingly manifest as 4d U(1) gauge symmetries, they may acquire Stückelberg masses by their BF couplings. We are thus interested in determining necessary conditions (which are not sufficient due to this global sensitivity) for Z n subgroups of these U(1)'s to survive as discrete gauge symmetries of the model. This class of models has been extensively discussed in e.g. [60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74] . The global E 8 structure throughout S allows the use of the so-called spectral cover construction, to encode most of the relevant information about the local geometry around S (sometimes referred to as semi-local model), including the 7-brane worldvolume gauge fluxes. Roughly speaking, the system is a configuration of F-theory 7-branes leading to an E 8 gauge theory on S, deformed by vevs (rather, backgrounds varying along S) of scalars in the adjoint of SU (5) This description is fleshed out by describing the semilocal geometry of the elliptic fibration in the Tate form, describing the unfolding of E 8 into SU (5):
where [z, x, y] are homogeneous coordinates in P [1, 2, 3] , parametrizing the elliptic fiber, w is a coordinate transverse to S, and b i are functions (actually, sections of suitable line bundles) over S.
The 4-cycle S corresponds to the locus w = 0, where the above equation can be shown to describe a degeneration of the elliptic fiber leading to an SU(5) gauge symmetry. The information on the extra 7-branes is encoded in the b n , and is nicely captured by the SU(5) spectral cover C 5 , a 5-sheeted branched cover of S living in an auxiliary non-CY threefold X; the latter is defined as a P 1 bundle over S,
where O S and K S are the trivial and canonical line bundles over S, respectively. The spectral cover is defined by the equation
where s is an affine coordinate in the P 1 fiber in X, so S is defined by s = 0. The b n are symmetric monomials in some variables φ i , regarded as the Higgs vevs, with b 1 = 0 due to tracelessness of the SU(5) ⊥ generators. The spectral cover C 5 contains the information about the matter curves, for instance the 10 matter curves are associated to its intersection with S; this is the locus b 5 = 0, which can be shown to correspond in There are several techniques to compute the location of the different matter curves, and their homology classes, for which we refer the reader to the references.
The spectral cover is particularly useful to characterize the 7-brane worldvolume U(1) A fluxes, required to obtain chiral matter from the 6d multiplets localized on the matter curves. This is done in terms of a suitable line bundle N 5 over the spectral cover C 5 . Once projected down to S, this defines an SU(5) ⊥ bundle V over S, which can be regarded as fully responsible for the breaking of the underlying E 8 symmetry to its commutant SU (5) GUT . In addition, the line bundle can include components corresponding to hypercharge flux F Y , in order to break SU(5) GUT to the SM group. As emphasized in [56] (see [75] for an earlier realization in a different context), masslessness of the hypercharge gauge boson requires the 2-form F Y to be non-trivial on S, but trivial in the global geometry. Since this prevents F Y to have BF couplings to bulk 2-forms, its introduction is irrelevant for the purpose of studying discrete gauge symmetries, and we ignore it in the following.
To our knowledge, the computation of BF couplings for the U(1) 4 factors in Ftheory has not been carried out in detail in the literature in the spectral cover language.
However, they are easily guessed to arise from a Chern-Simons (CS) coupling on the F-theory 7-brane worldvolume
This can be regarded as a simple generalization of the CS couplings on D7-branes. More rigorously, it can be easily derived from the dual picture of M-theory on a CY fourfold.
The degenerations of the elliptic fiber on top of the 7 A -branes support harmonic 2-forms ω A , normalized to ALE ω A ∧ ω B = δ AB , where ALE stands for the local ALE geometry transverse to the degeneration locus. The component of the M-theory 3-form C 3 along ω A becomes the 7 A worldvolume gauge field, so its field strength G 4 = dC 3 has a component
The 11d effective action of M-theory has a Chern-Simons coupling
Upon replacing (4.6), and noticing that the M-theory C 3 maps to the F-theory C 4
under duality, we recover (4.5).
The coupling (4.5) produces the relevant BF couplings for U(1) A , as follows. We introduce two basis of dual 2-cycles {α k }, {β k } in S, with α k · β l = δ kl . As suggested by the notation, they play a role analogous to the 3-cycles in section 2.1. Some of these cycles may be trivial in the global geometry, so in what follows we implicitly restrict the range of k to globally non-trivial classes 5 . We define the 4d 2-forms
In addition, we expand the magnetic flux of U(1) A as
Reduction of the coupling (4.5) leads to the BF terms
Therefore, for a linear combination Q = A c A Q A to leave a Z n discrete gauge symmetry, the necessary condition is This agrees with the D-brane condition below (2.7) with N A = 1, as is the case here.
Also, it corresponds to the BF couplings in compactifications of the heterotic string with U(1) bundles [76, 77] .
The above condition is necessary, but not sufficient, for several reasons: First, the U(1) may actually be broken by global effects, as mentioned. Even semi-locally, there are in general monodromies [60] , which eliminate some of the relative U(1)'s (e.g. Q 1 − Q 2 for a Z 2 monodromy). For instance, a generic spectral cover C 5 (4.4) is irreducible, so there are Z 5 or S 5 monodromies that mix all sheets in the spectral cover, and leave no U(1) symmetry whatsoever (since SU(5) ⊥ has no overall U(1) factor). In order to lead to non-trivial U(1) symmetries, the spectral cover must be split, with two or more disconnected components (and in fact the split should extend even globally), as we consider in upcoming examples. Note that, even if there is such a U(1) symmetry, the global geometry may contain additional 2-forms, not present in the local model, coupling to the U(1) with BF couplings not satisfying the condition (4.11).
An important ingredient about discrete gauge symmetries from BF couplings is their anomaly cancellation. As suggested from our discussion in section 2.3, this leans on the structure of corresponding mixed U(1) anomalies, and their cancellation by a Green-Schwarz mechanism. The latter has not been worked out in the F-theory context, but we may adopt a safe attitude and focus on U(1) factors which are anomaly free.
For SU(5) theories, there is one family-independent U(1) factor, already appeared in section 3.3. It is the generator Q X , arising in the decomposition of SO (10 spectral covers is a generalization of that of SU (5) spectral covers, carried out in [65] .
The introduction of the 7-brane worldvolume fluxes is carried out in terms of two line bundles N 4 , N 1 over C 4 , C 1 , which project onto S as U (4) and
respectively. Their first Chern classes are integer cohomology classes in S, and are constrained by
so the construction actually defines an S(U(4) × U(1)) bundle, with a commutant
This defines the 4d gauge group (ignoring hypercharge flux), before accounting for the BF couplings of U(1) X . These are controlled by c 1 (L), i.e. the cohomology class of [F X ], considered as a class in the global geometry (rather than just in S). In order to show that they can indeed lead to interesting discrete gauge symmetries, we consider two explicit examples of compact models, in [65, 68] , leading to 3-generation SU (5) GUTs (with hypercharge flux breaking to the SM), and for which the S(U(4) × U(1)) structure holds even globally.
The global example in [65] , is based on a base B 3 obtained from the Fano threefold where
There is therefore a Z 4 discrete gauge symmetry, which corresponds to the generalized R-parity in [7] . The model in [68] has a more involved structure, but similar qualitative features. From the FI terms in eq. (5.6) in that reference, the BF couplings have a structure
so there is a Z 6 discrete gauge symmetry of the generalized R-parity type. Beyond these concrete examples, there seems to be no fundamental obstruction to realizing a genuinely Z 2 R-parity in other examples constructed using similar techniques. We hope this analysis suffices to show the appearance of discrete gauge symmetries in F-theory, and leave a more systematic understanding for future work.
K-theory Z 2 and R-parity
The K-theory constraints in orientifold models force some combination of quantities to be even. Interestingly enough, these quantities arise as the coefficients of some of the BF couplings in the model. Hence, in certain classes of construction, the K-theory constraints imply the existence of an anomaly-free Z 2 discrete gauge symmetry, which we denote K 2 . We now describe the conditions for its existence and also its interplay with the massless U(1) possibly present in the model.
Consider an orientifold with D6
A -branes on a general CY orientifold, with basis {α k }, {β k } of even and odd cycles, and assume for simplicity that α k · β l = δ kl . The K-theory constraints in the model have the structure
for all k 1 in a subset of the odd cycles. Notice that (5.1) is not necessarily imposed to all odd cycles; for instance, in orientifolds of T 6 the K-theory constraints are
whereas there is no constraint on the combination A N A m Also, not all branes contribute, i.e. some c Ak may be zero; for instance, the branes b, c in the model in table 5 have no contribution to the K-theory constraints. We label with A 1 those branes for which c A 1 k 1 = 0, so the K-theory constraints read
On the other hand, the BF couplings have a structure
where k runs over all odd cycles, and k 1 , k 2 label those with or without an associated Under these assumptions, the diagonal combination of the U(1)'s contributing to the K-theory charges
has a BF coupling
The K-theory constraint (5.3) implies the existence of a Z 2 discrete gauge symmetry
Many models have massless U(1)'s, and one must ensure that K 2 is not just a subgroup of these. We write the massless U(1) generator as
with r A ∈ Z and gcd(r A )=1, so that charges are integer with minimal charge one. If r A =odd for all A, then Q = Q K mod 2, and K 2 is just a subgroup of the massless U(1).
This may seem non-generic, but occurs e.g. in many SM-like D-brane models, where the massless hypercharge generator is typically of the form
Since its coefficients are odd, in models where the branes a, c, d contribute to the K-theory charges, the symmetry K 2 is just a subgroup of hypercharge.
The Z 2 discrete gauge symmetry K 2 receives a natural interpretation in the mirror/Tdual picture of magnetized type I compactifications, in which the K-theory charges are (non-BPS D7-brane charges) induced on the D9-branes by their worldvolume magnetic fluxes. The K-theory constraints require the D9-brane gauge bundle to be in Spin(32)/Z 2 , where the Z 2 acts as −1 on vector representations, i.e. corresponds to
It would be tempting to exploit the symmetry K 2 to generate a phenomenologically and still have a Z 2 symmetry from (5.5); however this exploits additional even-ness requirements, beyond the genuinely K-theoretical one. We thus do not pursue these possibilities here.
Final comments and conclusions
In this paper we have studied the natural appearance of discrete gauge symmetries in large classes of string vacua, concretely those based on D-branes in type II orientifolds, and local 7-brane systems in F-theory GUTs. They have a number of novelties as compared with earlier studies of discrete gauge symmetries in string theory, which were mainly based on heterotic string compactifications. The main advantage of the present setup is that the discrete symmetries are manifest in the model, without resorting to the rather model dependent choices of flat direction required in the heterotic setup. Also, in the present setup these discrete gauge symmetries are, by construction, anomaly free and are respected by non-perturbative instanton effects -although in particular systems it may physically meaningful to use (potentially anomalous) discrete symmetries preserved by some instantons, but violated by others -.
We have shown how semi-realistic (MS)SM type II orientifold constructions naturally bring in discrete gauge symmetries which are Z N subgroups of continuous U (1) symmetries in the models. Specifically, they correspond to discrete subgroups of baryon and lepton number U(1) symmetries (modulo discrete hypercharge rotations). The list of discrete symmetries arising is very limited and corresponds to the anomaly free classification of discrete gauge symmetries in [10] :
i) The discrete groups R N which may be understood as discrete subgroups of U(1) B−L , with R 2 corresponding to R-parity. These symmetries forbid all dimension four B-and L-violating couplings, although they do not forbid the unwanted (but less dangerous) dimension 5 couplings like QQQL. Only R 2 in this class allows for the presence of neutrino Majorana masses.
ii) The baryon triality Z 3 generated by B 3 = R 3 L 3 . This allows all dim 4 Lviolating couplings but forbids the B-violating one UDD. It also forbids B/L-violating dimension 5 operators like QQQL but allows for Majorana neutrino masses.
iii) The lepton triality L 3 which forbids dimension 4 and 5 L-violating couplings.
On the other hand it forbids neutrino Majorana masses.
iv) The R 3 L Note that all these symmetries forbid baryon decay through dimension four operators. Among these symmetries only R-parity and baryon triality (or hexality, which is the product of both) allow for neutrino Majorana masses and hence are phenomenologically preferred. In addition only baryon triality (or hexality) forbid dimension 5 B/L-violating operators. It is worth to notice that if SUSY is found with L-violating QDL couplings at LHC, it would be evidence for baryon triality and non-unification since we have shown that SU(5) unification may only be consistent with R N discrete symmetries like R-parity.
Given their important role in models with underlying SU(5)GUTs, we have further studied the realization of R N discrete symmetries in F-theory models with split S(U(4) × U(1)) spectral cover construction. A more systematic understanding of U (1) symmetries and their discrete subgroups in other F-theory setups is an interesting new direction.
Finally, we have further explored the realization of the Z 2 R-parity from several different sources, including the constraints from cancellation of K-theory charge, and from the existence of instanton sectors with minimal instanton number 2 (due to their Sp-type orientifold projection)
In our opinion the source of discrete gauge symmetries described in this paper provide us with the best available understanding of proton stability in the MSSM. We expect further progress in extending the study of discrete gauge symmetries in brane models (including e.g. R-symmetries, non-abelian symmetries, etc), and systematically studying other related setups (like general F-theory local GUTs, M-theory models, etc).
A Tilted orientifolds
Before the orientifold projection we can introduce a basis of 3-cycles, {α k }, {β k }, satisfyingα k ·β l = δ kl . In the main text we have focused on the situation whereα k →α k andβ k → −β k , which were denoted α k and β k . The orientifold action is however compatible with other possibilities, e.g. in which for a subset of k's we haveα k →α k −β k , β k → −β k , or in which for a subset we haveα k →α k ,β k → −β k +α k . This kind of situation is familiar in compactification with tilted T 2 's, so we dub them 'tilted orientifolds'. Actually, the latter turns into the former possibility by renamingα ′ = 2α −β, β ′ =α, so we focus on the actionα →α −β,β → −β for concreteness. For simplicity, we also assume that this happe ns for all k.
The cycles with definite parity are given by α k = 2α k −β k , β k =β k , and α k ·β l = 2δ kl . where the factor of 2 (related to the above mentioned one) arises because α k = 2α k −β k ; note that this ensures the coefficient to be integer, even though thes can be where the first line corresponds to an even quantity due to the contributions of branes and images, while the second is an even quantity due to the USp character assumed for invariant instantons.
An example of compactification realizing this mechanism is the T 6 /(Z 2 × Z 2 ) orientifold with positively charged O6-planes. In the usual choice with negative charge for all four kinds of O6-planes, invariant D6-branes have USp-type orientifold projection, so invariant instantons have SO-type projections; this is reversed in the compactification with positively charged O6-planes. The models are necessarily non-supersymmetric, since RR tadpole cancellation must be achieved by the introduction of (possibly intersecting) anti-D6-branes. However, we expect that more general CY orientifold compactification may allow the realization of this mechanism in a supersymmetric fashion.
These Z 2 symmetries are actual gauge discrete symmetries of the theory, and with some massage they can be made manifest in terms of BF couplings 6 . Following [5] , a lagrangian description for a Z n gauge theory is
where the order of the symmetry is given by n, if the scalar a has periodicity 2π, and charges under A are integer. Dualization of the above scalar to * da = dB ≡ H leads to the formulation in terms of BF couplings in which the discrete symmetry is identified by the coefficient n, and the t-dependent factor is not relevant. In the above context, in which all invariant instantons are of USp-type, instanton numbers are effectively truncated to be even. The periodicity of 6 The extra factor of 2 in the discrete symmetries in the tilted orientifolds of appendix A can also be transferred into the coefficient of the BF coupling by a similar argument.
the RR scalar a is halved to π, so we must introduce a scalar a ′ = 2a, and write the first term in (B.2) as
The latter expression shows that the actual gauge symmetry is Z 2n . Equivalently, we recover the structure (B.3) with BF coupling coefficient 2n (and an irrelevant change t → t/2). So, even for n = 1 there is a Z 2 discrete gauge symmetry associated to the restriction in the available instanton numbers; models with only USp-type instanton provide a microscopic implementation of the phenomenon in [78] (see also [22] ).
Obtaining a Z 2 subgroup of every single U(1) in the model may however not be necessarily appealing from the phenomenological viewpoint. For instance, they may well prevent some instantons from generating phenomenologically interesting couplings.
A more economic and better targeted possibility is to consider models where a Z 2 subgroup of some U(1) is preserved, because all invariant instantons violating it have
USp projection (whereas others, not violating the U(1), may have O(1) projections).
As an example, we consider a version of the model in table 4, embedded in a The interpretation of these symmetries as gauge discrete symmetries in terms of BF couplings works in complete analogy with the above case. 7 The opposite choice of discrete torsion requires an odd number of negatively charged O6-planes.
